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Abstract 



We study the dual description of the self-dual orbifold, a locally AdS3 space- 
time which is a circle fibration over AdS2 and arises as the near-horizon limit of 
the extreme BTZ black hole. The geometry has two boundaries; we argue that 
this should correspond to a saddle-point for two copies of a chiral CFT living on 
these two boundaries in an entangled state. This picture arises naturally in the 
near-horizon limit, but there is a potential inconsistency with the bulk physics 
because of causal connections between the boundaries. We discuss a possible 
resolution of this puzzle. We also construct geometries which asymptotically 
approach the self-dual orbifold on a single boundary. These geometries (which 
contain mild singularities) enable us to explore other states of the dual chiral 
CFT. One of the geometries corresponds to the ground state of this CFT and 
can be obtained as a particular near-horizon limit of the BTZ M = black 
hole. The self-dual orbifold is a finite temperature version of this geometry. 

1 Introduction 

There has recently been interest in the holographic relation between spacetime ge- 
ometries with AdS2 factors and dual field theories. One example is the proposed 
Kerr/CFT correspondence PQ, which attempts to extend holography to provide a 
description of the near-horizon region of uncharged extreme black holes. Another 
comes from studies of field theories at finite charge density in the AdS/CFT corre- 
spondence, which involve a Reissner-Nordstrom AdS black hole. This black hole has 
a near- horizon AdS2 x lR n geometry in the low-temperature limit, which controls the 
long-distance transport properties of the field theory [2]. String theory in AdS2 arises 
in the near-horizon limits of a wide variety of four and five dimensional black holes 
in both asymptotically flat (e.g., [3]) and asymptotically AdS space (e.g., [1]). 
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The self-dual orbifold of AdS3 [5] is a simple example of a geometry with an AdS2 
factor. This spacetime is a circle fibration over AdS2, with an SL(2, R) xU(l) isometry 
group, and can be viewed as arising either as a quotient of AdS3, or as the near- horizon 
limit of a BTZ black hole [6_1[7]. We can use these descriptions to understand the dual 
field theory description in detail. It has two asymptotic boundaries; from the quotient 
point of view, this is because the quotient has fixed points on the conformal boundary 
of AdS 3 , and excising these fixed points divides the boundary into two disconnected 
regions. The conformal geometry on these boundaries is a null cylinder; that is, a flat 
two-dimensional spacetime with a null direction compactified. Working in coordinates 
which only covered one boundary, it was argued in |6_1[7] (see Sec. 2) that the dual field 
theory is the Discrete Lightcone Quantization (DLCQ) of the original two-dimensional 
field theory dual to AdS3, with the chiral sector which survives DLCQ in a thermal 
state (see also [3]). This raises a question: Are there any other states of the DLCQ 
theory that have a dual description as classical spacetimes that are asymptotic to the 
self-dual orbifold? 

In [7] , the geometry was considered in the analogue of Poincare coordinates, which 
only see one boundary of the spacetime, but the global self-dual orbifold has two 
disjoint boundaries [BJ. This raises a second long-standing question in the dual CFT 
description of asymptotically AdS2 spacetimes: Are they dual to a single CFT, or to 
two copies of the CFT living on the two boundaries? 

In Sec. [3] we will argue that the self-dual orbifold should be thought of as dual 
to two copies of the CFT. We will first give a general argument based on the bulk 
diffeomorphism symmetries. We will then consider the orbifold global coordinates as 
coordinates on AdS 3 (without considering the quotient); here it is clear that there are 
independent CFT degrees of freedom on the two boundaries. Finally, we will observe 
that the self-dual orbifold in a "black hole" coordinate system can be obtained by 
considering a near-horizon, near-extremal limit of the non-extremal BTZ black hole. 
These coordinates cover regions of both boundaries. Since the non-extremal BTZ 
black hole is described by an entangled state in two copies of a CFT, in the near- 
horizon infrared limit we still have a pair of entangled CFTs (a similar argument 
was previously given in [8]). However, the infrared limit restricts both theories to a 
chiral sector, and these sectors are entangled. This is consistent with the picture of 
[7j; tracing over one boundary will give us a thermal state in a chiral CFT. We can 
also see the proposed entanglement by thinking of the orbifold global coordinates as 
coordinates on AdSs: these cover the conformal boundary of AdS3 in two patches, and 
rewriting the vacuum state of a CFT on the conformal boundary in these coordinates 
gives rise to entanglement of the right-moving degrees of freedom. This interpretation 
is also consistent with the general picture that the connectivity of regions of the 
boundary through the bulk is dual to entanglement between these regions in the 
CFT [9]. 

Extrapolating from this example suggests that the dual of any spacetime with an 
AdS2 factor is a 1 + 1 CFT with one chiral sector in its ground state, and the other 
in an entangled state with non-zero entropy. The entanglement plays a crucial role in 
explaining the spacetime structure. This is quite different from the dual description 
of higher-dimensional AdS spaces, which correspond to ground states of a dual CFT, 
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with no entropy. 

The global description of AdS 2 also leads to a puzzle - the two boundaries are 
causally connected, implying non-zero commutators for operators in the two copies 



of the CFT (Sec. E30 Entanglement cannot reproduce these commutators: if the 
two copies of the CFT are independent, the operators should commute. Within the 
patches of AdS 2 that are recovered by the near-horizon limit of higher dimensional 
black holes, the puzzle is avoided because there is no causal connection between the 
regions of the two boundaries covered by the "black hole" coordinate systems. The 
puzzle would be resolved if we were restricted to only consider correlation functions 
between spacelike separated operators on the two boundaries of AdS 2 , perhaps in 
view of the AdS 2 instability of [11]. Understanding whether such restrictions can be 
implemented is an important goal for future work. 

The other main aim of our work is to construct new examples of asymptotically 
self-dual orbifold spacetimes (Sec. HJ) corresponding to different states of the dual field 
theory. One motivation is to identify geometries dual to particular pure states that 
contribute to the entropy of the spacetime as in the black hole microstates program 
(see [T2] for a review). Another motivation is that in the Kerr-CFT correspondence, 
it has been shown that there are no non-trivial asymptotically near-horizon extremal 
Kerr geometries [T3| [H] ; it would be interesting to know if this is a general feature 
of spacetimes with AdS 2 factors. 

We first show that there is a quotient of AdS3 which is the natural dual to the 
ground state for a single copy of a CFT on a null cylinder, and which can be obtained 
as a near-horizon limit of the M = BTZ black hole|§ This is a quotient along a 
null direction in the bulk, so the geometry has closed null curves, and the duality 
may only be a formal correspondence in this case. This is similar to the Schrodinger 
spacetime [T6| ITT] , where this issue was pointed out in [18]. We then construct a 
rich class of examples of asymptotically self-dual orbifold spacetimes by applying a 
solution-generating transformation [19] . These geometries could be interpreted in the 
dual CFT as more restricted thermal ensembles where the local charge density is 
prescribed and not just the total charge. However, they are mildly singular in the 
bulk on the boundary of the region covered by the orbifold Poincare coordinates. It 
is worth noting that this solution-generating approach relies on the existence of a 
globally null Killing vector, which appears in the self-dual orbifold but not in the 
higher-dimensional solutions with AdS 2 factors such as near-horizon extremal Kerr 
or the near-horizon limits of extreme Reissner-Nordstrom AdS black holes. 



The self-dual orbifold spacetime was introduced in [5] as a quotient of AdS 3 , and its 
interpretation in the AdS/CFT correspondence was discussed by j6]. The spacetime 

1 It is interesting to note that this problem is special to the two-dimensional case; in higher 
dimensions, |10j shows that generically spacetimes cannot have disconnected boundaries that are 
causally connected through the bulk. 

2 This material, which appears in Sec. 4.2, has overlap with [T5]. 




2 The self-dual orbifold 
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is a quotient along the Killing vector £ = Udx + Xdu + Vdy + Ydy, where U, V, X, Y 
are the embedding coordinates which realise AdS3 as a surface in R 2,2 . This Killing 
vector has ||£|| 2 = 1, so the quotient has no fixed points in the bulk. The quotient 
preserves an SL(2, E) x £7(1) subgroup of the SL(2, E) x SL(2, E) symmetry of AdS 3 , 
where the U(l) factor is generated by £. There is a global coordinate system (t, 0, z) 
which covers the whole spacetime, related to the embedding coordinates by 

U + X = -^e*(e z cost- e~ z sin t), (1) 

U-X = -^=e-*(e-"cost-e 2 sint), (2) 

V + Y = -^e*(e" 2 cost + e z sin t), (3) 

V-Y = ^~^(e z cost + e~ z sin t). (4) 

These coordinates are related to the usual global AdS3 coordinates (p, r, 9) by 

cosh 2 p = cosh 2 z cosh 2 + sinh 2 z sinh 2 0, (5) 

. „. tanh2z 
tan(r + 6) -- 



sinh 2(p 

tanh 20 cos 2t + sinh 2z sin 2t 

tanfr — 0) = ; . 

— tanh 20 sin 2t + sinh 2z cos 2t 

in terms of which the metric of AdS3 is 

ds 2 = -dt 2 + d(f) 2 + 2 sinh 2zdtd(f) + dz 2 = - cosh 2 2zdt 2 + (d(f) + smh.2zdt) 2 + dz 2 . (6) 

The self-dual orbifold is obtained by taking the quotient ~ + 27rr + for some r+. 
The spacetime is then a U(l) fibration over AdS2, and the Killing symmetries are 

t = \d* (7) 

Xi = \du (8) 

1 cos 2t 1 

X2 = ^ tanh 2z cos 2td t + 2 cosh + 2 Sin 2tdz ' 

1 sin2t 1 

y 3 = — tanh 2z sin 2ta t : H — cos2ta 2 . (10) 

A 2 2cosh2^ 2 v ; 

The factors of 2 in the Xi are required to make them a representation of 5X(2, R); 
the one in £ is simply conventional. 

The spacetime has two boundaries, at z — > ±oo. Taking (jSj) as a coordinate 
system on all of AdS 3 (without a quotient) we would also have reached the boundary 
when — > ±oo, which are fixed points of the quotient ~ + 2irr + . From (jSJ), when 

— > ±00, 

tan(r + ^)=0, (11) 
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so this corresponds to r + 9 = or tt. That is, the quotient has fixed points on the 
null lines r + 9 = 0, 7r in the conformal boundary. These lines separate the conformal 
boundary into two strips. These two regions are the two boundaries of the self-dual 
orbifold, at z — > ±oo. When z —> ±oo, ([5]) simplifes to 

tan(r + 0) = =F — r — > tan ( r ~ ^ = tan 2t - ( 12 ) 
sinh 20 

So on the boundary i is mapped to the null coordinate running up along the strips 
at z — > ±oo, while <fi is the null coordinate running across the strips. 

Consider a surface of constant t, say t = 0. In the strips at z — ±oo, this will 
map to r — 9 = 0, ir. Let's choose t — 9 = 0aXz = oo. At t = 0, 

tanh </> — tanh 2 . , 

tan^ = — . 13 

tanhcp + tanh ,2 

At z = 00, as ranges from —00 to 00, 9 ranges over (tt/2, 0). At = 00, as z ranges 
from 00 to —00, 9 ranges over (0, —tt/2). At z = —00, as <fi ranges from 00 to —00, 
9 ranges over (—tt/2, it). Finally, at <fi = —00, as z ranges from —00 to 00, 9 ranges 
from (tt, 7r/2). As a result, the surface t = maps to a sawtoothed curve made from 
null segments: 

' T -e = 0, 9 G (vr/2,0), 

t = 0»i T + e = °- ' ? e <°'7' /2 \ (M) 
1 r-9 = n, 9 e (— 7r/2, -7r) v y 

r + = 7r) 0G(7r,7r/2). 

This is shown in figure [TJ 

In addition to arising as a quotient of AdS3, the self-dual orbifold can be obtained 
as a near-horizon limit of the extremal BTZ black hole, a point of view which was 
stressed in [7]. If we start with the BTZ black hole in a stationary coordinate system, 
we obtain the self-dual orbifold in a coordinate system which only covers a portion of 
the geometry. A convenient coordinate system is the (u,v,r) coordinates introduced 
in [7], which are related to the embedding coordinates by 

U + X = e r+u , (15) 

U — X — ^(e~ r ~ u — 2ve r ~ u ), (16) 

V + Y = ^(e- r+u + 2ve r+u ), (17) 

V - Y = e r - u . (18) 
The transformation between the (t, <j), z) and (u, v, r) coordinates is then 

2e 2r = cosh 2z cos 2t + sinh 2z, (19) 



cosh 2z sin 2t 
cosh 2z cos 2t + sinh 2z ' 
in __ 2 ^(e 2 cost-e-*sint) 



(20) 



{e z cost + e 2 sint) 
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Figure 1: The relation between r, 9 and t, <p coordinates on the boundary. (The lines 
9 = ±7r are identified.) Region I is z = oo, region II is z = — oo. The direction of 
increasing t, 4> in each region is indicated. The heavy dashed line is the surface t = 
given in (IT51) . 



6 



These coordinates are also simply related to the Poincare coordinates (x + ,x , Z) on 
AdS 3 , 

, 1 _ 1 



-r+u 



v--e 



-It 



Z = e ' 1 x 1 
The metric of AdS3 in this coordinate system is 

ds 2 = du 2 + 2e 2r dudv + dr 2 = -e Ar dv 2 + dr 2 + (du + e 2r dv) 2 , 
and the Killing vectors are 



Xi 

X2 
X3 



4 ' 



l_±( v 2 + e -^ 

4 



<9„ - -e 2r d u + -^<9 r , 
9« + ^e~ 2r d u - -vd r 



-vd v + -d r . 



(22) 
(23) 

(24) 
(25) 

(26) 
(27) 



The (t,<f>,z) coordinate system covers the whole of AdS3, as do the (r,9,p) global 
coordinates, but from ( )22|) . we can see that (u,v,r) coordinates cover half a Poincare 
patch of AdS3, as they cover the region x + > 0. 

From the AdS2 point of view, the transformation (11911201) is precisely the trans- 
formation from global coordinates to Poincare coordinates on the AdS2 factor, so 
these coordinates will cover the region of the self-dual orbifold corresponding to the 
Poincare patch in AdS2- It is interesting that half of the Poincare patch in AdS3 
corresponds to the Poincare patch in AdS2- This patch includes a portion of the 
boundary at z = oo in the global coordinates (t,<f>,z). The other half of the AdS3 
Poincare patch corresponds to an AdS2 Poincare patch covering a portion of the other 
boundary at z = — oo. 

The coordinate transformation simplifies further on the boundary. At z — > oo, 



u = 4>, 



tani. 



(28) 



so the (u, v 



coordinates cover the portion of the z = oo strip with t G (— 7r/2, 7r/2). 
The relation between Poincare coordinates x + ,x~ and the u,v coordinates on the 
boundary is 

2u , x~ = v. (29) 



x 



1 

-e 
2 



The self-dual orbifold spacetime can be obtained as a near-horizon limit of an 
extreme BTZ black hole. In [7], it was observed that this near- horizon limit is very 
easy to describe in the (u, v, r) coordinates (125)1 . The extreme BTZ black hole is given 
by this metric with the identifications 



[u,v] 



(u + 2tct + , v + 2nr + ) 



(30) 



We call the extreme BTZ coordinates (u, v, r) to distinguish them from the self-dual 
orbifold coordinates we will shortly recover. To take the near-horizon limit, we want 
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to write f = r + r, and take r — > — oo. If we also write u = u, v = e~ 2r °v, then the 
metric in terms of (u, v, r) takes the same form ( 1231) at finite ro, but now with the 
identifications 

(u,v) ~ (M + 27rr + ,w + 27rr + e 2ro ). (31) 

As we take the near-horizon limit r — )■ — oo for fixed (u,v,r), this reduces to m ~ 
it + 2nr + , giving us the self-dual orbifold. 

The identifications (13 ip describe a circle of proper size 27rr + e r ° viewed in a boosted 
frame. So taking this limit corresponds to a DLCQ limit in the CFT on the (u, v) 
cylinder, where we take the size of the circle to zero and the boost to infinity to recover 
a null identification, giving the CFT on a null cylinder. In general, this DLCQ limit 
will restrict us to the ground state for the right-moving excitations, as the energy 
of right-moving excitations is infinitely blueshifted by the boost: E v = E^e~ 2r ° . We 
might think that we could take E% — > at the same time to recover a finite energy 
in the boosted frame, but since the theory lives in finite volume, there is a finite 
density of states, and the energy spectrum is quantised. The spacing is at least 
AEv ~ e~ s ~ e _c , where c is the central charge. Although this discreteness in the 
spectrum cannot be seen from the classical spacetime point of view, it will ensure that 
we are ultimately left with only the ground states for the right-movers, with L = ^. 
The dual CFT is thus a chiral theory, with only left-moving excitations. 

The left-moving excitations are unaffected by this DLCQ procedure, so we would 
expect them to be in the same state as before we took the near- horizon limit. The 
dual of the extreme BTZ black hole is a thermal state for the left-movers, at tem- 
perature Ti = r + /2ir. Since we have included a factor of r + in our definition of the 
identifications, the temperature with respect to our coordinate u is in fact T = 1/2tt. 

Thus, the proposal of [7] was that the dual description was a chiral CFT, with the 
left-movers in a thermal state at temperature T = 1/2-k. In section [3j we will refine 
this proposal by considering the description of the self-dual orbifold including both 
boundaries, and propose that the dual is an entangled state which reduces to this 
thermal state on tracing over the CFT degrees of freedom on one of the boundaries. 



2.1 Black hole coordinates 

The self-dual orbifold spacetime has two boundaries, but when we obtain it as a near- 
horizon limit of the extreme BTZ black hole, we obtain it in a coordinate system 
which only covers one of the boundaries. To see that both boundaries play a role, it 
is useful to consider a different kind of near- horizon limit. We therefore consider the 
near-horizon, near-extremal limit of the non-extremal BTZ black hole. 
We start with the BTZ black hole, 
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(r 2 - r 2 )(r 2 - r 2 _) 2 r 2 dr 2 ,2(1, r - r + ,.\ , .„ 

dS = ~2 dt + (r 2_ r 2 )(r 2_ r2) + r d *J > C 32 ) 



which has two asymptotic regions in the full eternal black hole spacetime. The co- 
ordinate range r > only covers one asymptotic boundary, but the metric can be 
extended in patches to cover both boundaries. 
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We first define a comoving coordinate system at the event horizon r = r + by 
setting cf)' = cf) — £=i. Then define new coordinates (t, 0, f 2 ) by 

r 2 = r 2 (l + ef 2 ), t = — , 0' = ^, (33) 

where e = a ~ . The metric in these coordinates is 



2 

*» a = - '(1 + ^/ ^ + T^fif rfr " + ( x + er ") + (TT^) r "^J • (34) 

We can then take a near-horizon, near-extremal limit by taking e — > for finite values 
of (i,(f),f 2 ). The resulting metric is 

rfs 2 = -f 2 (f 2 + lWt 2 + — - + (d6 + f 2 di) 2 = -f 2 dP + d(f) 2 + 2f 2 dtd(j) + — -. 

(r 2 + 1) v ' (r z + 1) 

(35) 

This is the self-dual orbifold, in a "black-hole like" coordinate system. The AdS2 part 
of the metric is written in the black hole coordinates of eq (2.12) of [TT]. It is also 
worth noting that the inner horizon at f 2 = — 1 remains at a finite distance from the 
outer horizon at f 2 = as we take this limit. 

To relate these coordinates to embedding coordinates, take the embedding of BTZ, 



,y2 ,y2 



U = \ j ^ ^2 sinh(r + t — r_<p) = \ j — sinh ( — 1 — r_0 ) , (36) 



V — \ I ^ ~y cosh(r + — r_i) 





X = ~\ ~2 T c °sh(r + t — r_ 



Y = \ / -s 5" sinh(r + — r_t) 



and apply the same e — )■ limit. This gives 

U + X = -fe~ l+ *, (37) 

U-X = fe f ~* 

v + y = Vf 2 + le* 

y - y = Vf 2 + ie _ *. 

These coordinates are related to the global (t, <p, z) coordinates by 

f 2 = sinh 2 z cos 2 1 — cosh 2 z sin 2 £, (38) 
2 j tanh 2z + sin 2t 



e 



e 



tanh 2z — sin 2£ 
29i (cosh z cos i + sinh z sin £) 
(cosh z cos £ — sinh z sin £) 
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Thus, the (t, <j), f) coordinates for f 2 > cover a region z > 0, tan 2 t < tanh 2 z 
in (t, <p, z) coordinates. Just as the non-extreme BTZ black hole has two asymptotic 
regions, which can be displayed by taking two patches with metrics ( 1321) . we can think 
of the black hole coordinates for the self-dual orbifold as covering two regions outside 
the "horizon" at f 2 = 0, thus including patches of the two boundaries at z — > ±oo. 

Note that in these black hole coordinates, t, <p are not null coordinates on the 
boundary of the self-dual orbifold. This can be corrected by defining <p — <j) — |; it's 



also useful to set t = |. Then the metric in these coordinates is 



dr 2 / ~ \ 2 

ds 2 = -4f 2 (f 2 + l)dt 2 + . . - + ( deb + (2f 2 + l)dt) , (39) 

[r z + 1) \ / 

and the relation to (t, eb, z) coordinates is 

f 2 = sinh 2 z cos 2 1 — cosh 2 z sin 2 1, (40) 

,7 tanh 2z + sin 2t 

e - 



tanh 2z — sin 2t 
sinh 2z — tan 2t 




sinh2z + tan 2t 
The Killing vectors in these coordinates are 



cosh 2tdf + - 
4 



sinh 2tdi 

4 

— Vf 2 + 1 cosh 2tdf , 
X3 = ~ ^df. 
On the boundary at z — > oo, 

e 2 * = e^, e 2f = c 0S t + sint ; 

cos t — sin t 

note that the rescaling of t was chosen so that for t near 0, t ~ t. This coordinate 
system covers the portion of the z = oo strip with t G (— tt/4, vr/4); half as much as 
the w, f coordinates. In terms of the u, v coordinates, 

e 20 = e 20 ; e 2* = i±I ; (46) 

1 — V 

so it maps to the region v G (—1, 1). 
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Figure 2: The regions in AdS2 covered by the different coordinate systems. The 
(t,z) coordinates cover the whole of AdS2, the (v,r) coordinates cover the Poincare 
wedge indicated in blue, and the (i, f) coordinates cover the smaller wedge indicated 
in green. 

3 Holographic dual of the global spacetime 

The self-dual orbifold has two boundaries. We would like to understand whether this 
should be interpreted as the dual of a pair of field theories on these two boundaries, or 
whether there should be a single CFT dual to the spacetime, as has been proposed for 
AdS2 in [3]. We will argue from several points of view that the correct interpretation 
seems to be as an entangled state in two disjoint copies of the CFT, living on the 
two boundaries of the spacetime. We will see that a challenge to this interpretation 
arises because the two boundaries of the self-dual orbifold are causally connected, 
suggesting that there is an interaction between them. 

3.1 Diffeomorphisms and Hamiltonians 

There is a simple general argument using the bulk diffeomorphism symmetry which 
implies that the dual description should indeed involve two copies of the field theory. 
Consider a spacetime with two conformal boundaries. If we consider a bulk surface of 
constant t, the bulk diffeomorphism freedom allows us to shift the surface arbitrarily. 
Changes in the constant t surface which do not affect its intersection with the bound- 
ary are pure gauge, and are not seen from the boundary field theory point of view. 
But diffeomorphisms which shift the intersection with the boundary correspond to the 
action of a boundary Hamiltonian from the field theory point of view [20j EI] • Since 
the bulk diffeomorphism symmetry includes transformations which independently de- 
form the intersection of the bulk constant t surface with the two boundaries, there are 
two such Hamiltonians, acting separately on the two boundaries. These generate a 
ExM symmetry of the theory, corresponding to arbitrary time translations in the two 
CFTso We take the presence of these two independent time-translation generators 
to imply that there are two separate physical systems on the two boundaries. If the 
bulk geometry corresponded in the dual theory to a state in a single field theory, we 

3 Actually, since the bulk surface meets the boundary in a one-dimensional surface in the self-dual 
orbifold, there is an infinite-dimensional group of translations of this surface in each boundary, but 
let us restrict for simplicity to the overall translational subgroup. 
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would expect to have just one Hamiltonian, not two. This argument is quite general 
and would apply whenever the spacetime has two boundaries. 

In the self-dual orbifold, the bulk spacetime has a time-translation symmetry 
that corresponds to the diagonal M. subgroup of the R x 1R symmetry of the theory. 
This implies that the dual CFT description should be in terms of a state in the two 
CFTs which preserves this diagonal R subgroup. This state should involve some non- 
trivial entanglement between the two theories, as the connectedness of the spacetime 
in the bulk implies that there will be non-zero correlation functions (O1O2) between 
operators on the two boundaries. This relation between entanglement and connections 
in the bulk spacetime was investigated in general in [9]. We will work out the form 
of the entanglement in the case of the self-dual orbifold a little further on. 

3.2 Quotient perspective 

To understand the holographic description in more detail, we consider the spacetime 
from the quotient perspective. As a first step, we can consider the metric ([6]) with 
non-compact as simply a new choice of coordinates on AdS3, where we understand 
holography well. 

From this perspective, it is clear that there are independent CFT degrees of free- 
dom in the two boundaries, as these correspond to different regions in the single 
boundary of AdS3. The two Hamiltonians found above correspond to translations of 
the two segments of the t = surface in figure [TJ 

If we take a linear quantum theory on the boundary as a toy model for the CFT 
on the cylinder, we can use the coordinate transformations given above to work out 
the description of its vacuum state in terms of the self-dual orbifold coordinates^ It 
is most straightforward to do this using the transformation fl29|) between the (x + , x~) 
Poincare coordinates on AdS3 and the (u,v) coordinates. There is a non-trivial co- 
ordinate transformation between x + and u, so the ground state for left-movers with 
respect to x + will map to an entangled state where the modes on one boundary are 
entangled with the corresponding modes on the other. Tracing over one boundary 
will then leave us with a thermal state for the left-movers on the other boundary. 

If we consider a massless scalar field on the boundary, the positive frequency left 
and right-moving mode solutions in (u, v) coordinates are, up to normalisation, 

Pi,i = e- ruiu , Pl, r = e-*", (47) 

Pl,i = e^, Pl, r = e~™, (48) 

where 1,2 denote the two (u,v) coordinate patches, each of which covers half of 
the Poincare patch. In global coordinates, these two patches lie on the boundaries 
at z — ±00 respectively. The subscripts I, r denote left and right-moving modes. 
We can construct modes which are purely positive frequency with respect to Poincare 
coordinates by rewriting these solutions in terms of x + , x~ and analytically continuing 

4 This perspective was used to identify the state dual to the non-extremal BTZ black hole in [2 2): 
this was extended to the extremal black hole in [23] . 



12 



in the lower-half complex x plane, following [23]. This is a standard exercise; the 
only difference here is that the relation is only non-trivial for the left-movers. Using 
the coordinate transformation x + = |e -2 ", we see that solutions which are pure 
positive frequency with respect to x + are 

WXi=pU + e~^pl p (49) 

and similarly analytically continuing the solution l will give 

W£i = + e- 3 ^. (50) 

These are purely positive frequency modes with respect to x + , so the corresponding 
annihilation operators o J ] cV a^ ll will annihilate the ground state. Using the above 
expressions, we can write these annihilation operators in terms of the annihilation 
operators bl ll ,b^ jl for the modes v as 

= e^t*, (51) 

= e-T&Jt. (52 ) 

This indicates that the vacuum |0) in Poincare coordinates can be formally written 
as an entangled state in the Hilbert space built on the vacua |0)i, |0)2 annihilated by 
the 

|0) = e^^^^AlilO), ® |0) 2 . (53) 

This demonstrates that from the point of view of self-dual orbifold coordinates, the 
vacuum on the boundary of AdS3 is an entangled state where the left-movers on the 
two boundaries of the self-dual orbifold are entangled with each other. If we trace 
over one boundary, we would have a thermal state for the left-movers on the other 
boundary, at a temperature l/2n. This is consistent with the analysis of [7J because 
we have hidden the scale in u; the quotient identification is u ~ u + 2nr + . 

We should next consider the effect of the quotient. The quotient will have three 
effects; first, the points at (f> = ±oo, corresponding to r + 6 = 0, n, are fixed points of 
the quotient. We must therefore excise them from the boundary manifold, turning it 
into two genuinely disconnected surfaces. Secondly, if we write the metric on one of 
these surfaces in terms of the (u, v) coordinates, the effect of the quotient is then to 
make u periodic. This will restrict the momentum in the u direction to discrete values, 
leaving us with the same entangled state, but with the integral in (153j) replaced by a 
sum. This reduces the SL(2, R) x SL(2, R) symmetry of the state to SL(2, R) x 17(1). 

Thirdly, the quotient will project out the right-movers. This cannot be seen 
directly by imposing the quotient on the boundary, as the left movers have no u 
dependence. However, we can think of this null identification as a limit of a spacelike 
identification, by thinking of the spacetime as cutoff at some finite r, and taking the 
limit r — > oo will give us an infinite boost. Thus, in this quotient perspective we can 
also see the DLCQ of the field theory that was seen in the near- horizon limit in [7]. 
The infinite boost as we take the limit r — » oo sets the right-movers to the ground 
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state. For a simple scalar field model, this is easy to see: the metric on a surface at 
r = r is given by 

ds 2 = du 2 + 2e 2ro dudv. (54) 

Thus the null coordinates at finite r are u — u, v — v — 2e~ 2ro u. Right moving modes 
are e lujRV , whilst left moving modes are e tuJLU . Looking at the right movers, the modes 
which survive the quotient are those with ojr = ne 2r ° for n e Z. Therefore as the 
cutoff is removed, r — > oo and the only right mover remaining is the ground state, 
n = 0. For the actual CFT on the boundary, the picture is a little more subtle; the 
theory lives in finite volume, so the energy spectrum is quantised, but as was observed 
in our review of the DLCQ argument of [7], the level spacing is ALq ~ e~ c . This 
discreteness cannot be seen from the spacetime point of view. Nonetheless, as the 
boost is taken to infinity, we need to take L — ^ — > 0, and the energy will ultimately 
become smaller than this gap, forcing us to set L = 

This discussion considered a simple toy model of a single scalar field, but the key 
point is just the non-trivial transformation between x + and u, so the SL(2,M.) x 
SL(2,M.) invariant vacuum state for the full boundary CFT will similarly be an en- 
tangled state for the left-movers on the two regions z = ±oo. The fact that the CFT 
is in a non-trivial excited state can be seen directly from the fact that the boundary 
stress tensor takes a non- vanishing value. This can be calculated from the bulk metric 
(|23|) using the usual holographic dictionary [25, 26J. The boundary stress tensor is 



T a p = - [n a p + h a p] = -[K a p - (K - l)h 



6 



6' 



(55) 



where K a p is the extrinsic curvature, h a p is the induced metric on the boundary, 
and c = 3/2G3 is the central charge of the boundary CFT. The metric ( 1231) gives 
K uv = e 2r , so K = 2, and the only non- vanishing component of T a/3 is 



T 



c 
6' 



(56) 



Note that this is a momentum density in coordinates where the u direction is periodic 
with period 27rr + ; the total left-moving momentum on the boundary is hence C7rr + /3. 

This stress tensor could also be obtained by considering the Schwarzian derivative 
associated with the coordinate transformation ( 129]) between the Poincare coordinates 
x + , x~ and the u, v coordinates. In terms of holomorphic coordinates w, w, the 
Schwarzian derivative gives in general 



T{w') = T{w){d w ,w) 2 + - 



w 



3 (d 2 w 



d n ,,iw 



2 V d w iw 



(57) 



and similarly for T(w). Since the stress tensor in Poincare coordinates vanishes in the 
global vacuum state on the boundary cylinder, and the coordinate transformation for 
the left-moving coordinates is trivial, this implies that T vv = 0, and 



T 



c 

12 



d u x A 



3 (dlx 
2 



d u x^ 



.£-[4-6] = --. 
12 L J 6 



(58) 
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reproducing the direct result. Thus, from the quotient point of view, the boundary 
stress tensor is accounted for by the non-trivial conformal transformation from the 
Poincare coordinates to the self-dual orbifold coordinates (u, v), and is associated with 
the fact that the field theory is in a non-trivial entangled state on the two boundaries. 

Thus, the self-dual orbifold is identified with a non-trivial entangled state of two 
copies of the CFT, living on the two boundaries of the spacetime. The fact that 
the dual description of a spacetime with an AdS2 factor involves an excited state is 
quite different from the description of higher-dimensional AdS spacetimes, which are 
usually dual to the vacuum state in the dual CFT. This description of AdS 2 is more 
analogous to the description of black holes in higher- dimensional AdS spacetimes. 

However, we would argue that the description of AdS 2 will always be qualitatively 
similar to this. There should be some entanglement to account for the connectivity 
between the two boundaries in the AdS 2 spacetime [9J, and geometries with an AdS 2 
factor are usually obtained as the near-horizon limit of black holes with a non-zero 
entropy, which is reproduced by the entropy of the mixed state obtained by tracing 
over one of the boundaries. 



3.3 Near-horizon near-extremal limit 

We can also argue for this description of the self-dual orbifold by taking the non- 
extremal BTZ black hole and considering the near-horizon, near-extremal limit intro- 
duced in section 12.11 The dual description of the non-extremal BTZ black hole is as 
a saddle-point corresponding to an entangled state of two copies of the CFT on the 
two boundaries of the maximal analytic extension of the black holejf) with the left- 
and right-movers at temperatures 

r fct + rj Tr= (I±^1, (59) 

47T 47T 

Taking the near-horizon, near-extremal limit of the geometry is a DLCQ limit from 
the point of view of the field theory. This DLCQ limit does not affect the structure of 
the field theory, so it will give us two copies of the CFT in an entangled state on the 
regions of the boundary of the self-dual orbifold covered by the black hole coordinates 
f )39|) . This confirms the entanglement description of the self-dual orbifold geometry. 

However, there is a small subtlety in the nature of the entangled state in these 
coordinates. Naively one would say that as we take the extremal limit, Tr — > 0, but 
T L remains finite, reproducing the entangled state we saw above in (u, v) coordinates. 
However, Tr is the temperature with respect to the null coordinate x~ in the boundary 
of the black hole spacetime; this is related to the right-moving coordinate t in the near- 
horizon region by an infinite boost. Taking this boost into account, the temperature 
with respect to t is 

T i= ^ = ± (60) 



5 This description was obtained by a similar quotient argument in [22 and by considering the 
analytic continuation from the Euclidean black hole in [27] . 
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while the temperature with respect to <fi is = l/2n, as it was in the analysis above 
from the quotient point of view. Thus, when we consider the spacetime in black hole 
coordinates, it appears to be dual to an entangled state where both the left and right- 
movers are at finite temperature. This can also be seen by considering the boundary 
stress tensor in these coordinates, which is given by 



This appears to be inconsistent with the statement that Lq = ^, which should follow 
from the DLCQ here as it did in [7J . However, the two statements are in fact perfectly 
consistent. In general, for the CFT on a spacelike circle, the translation generators 
are 



where the integral is around the spacelike circle, and n M is the unit normal to this 
circle in the boundary metric. Since T zl = for a spacelike circle, this reduces to 



but in the limit as the circle becomes null, n z = 0. Thus, for the CFT on the null 
circle, L — ^ = 0, whether or not the right-moving component of the stress tensor 
vanishes. A finite right-moving energy density translates to a vanishing right-moving 
energy in the limit because the proper size of the compact direction is going to zero. 
So for the near-horizon, near-extremal limit of the non-extreme black hole, we get 
the CFT on a null cylinder in a state with entanglement for both the left and right 
movers, but this still has L = ^. 

This entangled state is not a different candidate description of the self-dual orb- 
ifold; the state we have obtained in the near-horizon limit is in fact the same as the 
state we obtained above from the quotient perspective, just described in a different 
conformal frame on the boundary. The entanglement of the right-movers comes from 
the further coordinate transformation between t and v coordinates f|46l) . In partic- 
ular, the non-zero stress tensor T% in (l6Tj) can be seen to arise from applying the 
Schwarzian derivative formula f )57|) to the conformal transformation between t and v 
coordinates. Thus, we obtain a consistent picture of the self-dual orbifold as dual to 
a particular entangled state in two copies of the CFT on the two boundaries. 

3.4 Casual connection 

We have obtained a description of the self-dual orbifold in terms of an entangled state 
in two copies of the CFT from two independent points of view. This description is also 
consistent with the description obtained in [7J by considering the near-horizon limit 
of the extremal BTZ black hole. However, there is a problem with this description, 
as it fails to account for the causal connections between the two boundaries, which 
would appear to imply direct interactions between the theories living on them. 




(62) 




(63) 
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To see that the boundaries at z — ±00 are causally connected in the bulk, consider 
the metric We see that the conserved quantity from ^-translation invariance is 
L = cf) + sinh 2zt, and the minimum elapsed t is along curves of L = 0, for which 
along null geodesies 

°° dz 7T 

cosh 2;z 2 

If we think about (jHj) as a coordinate system on AdS3, there is no mystery about this 
causal connection: it corresponds to causal connections in the boundary. The part of 
the strip at z = —00 with t > 71/ 2 is in the causal future of the surface at z = 00, 
t = in the boundary geometry. The two parts of a surface of constant t were offset 
in t — 9 by tt, so when At > tt/2, this offset is overcome and the surfaces at z = ±00 
are connected by causal curves in the boundary. From this AdS3 point of view, this 
is not a surprise; it is well-known that in AdS^, points in the boundary which are 
causally connected in the bulk are also causally connected in the boundary: the bulk 
and boundary light cones agree for pure AdS geometries. 

However, when we take the quotient, we must first delete from the conformal 
boundary the points at r + 6 = 0, tt, which are fixed points of the identification acting 
on the conformal boundary. This breaks the causal connection between the two strips 
on the boundary at z = ±00. This breaking of the explicit causal connection does 
not immediately cause problems, as the connection could be retained by a boundary 
condition linking the behaviour of fields at r + # = — e to the behaviour at r + # = +e. 
However, when we make the identification, we replace such a boundary condition 
with a periodic boundary condition in the <p direction, and there is no longer any 
connection between the behaviour of boundary fields on the two strips. So in the 
quotient space, causal connection in the bulk is not reproduced by causal connection 
in the boundary. 

This is a problem because an AdS / CFT calculation with causal connection in the 
bulk would usually predict a non-zero value for the commutator of operators on the 
two boundaries. If 0\ is a scalar operator on the boundary at z = 00 and O2 is an 
insertion of the same scalar operator on the boundary at z — —00, 

([CMO), 2 (At)]> = A*, fc (Af) ^ for At > tt/2, (65) 

where Af ulk is the half advanced minus half retarded propagator for the corresponding 
bulk field 0. 

This non-trivial commutator between operators on the two boundaries cannot 
arise simply from entanglement between the quantum states of the theories on the 
two boundaries, as the expectation value of the commutator is independent of the 
state that the expectation value is evaluated in. Thus, this seems to require some 
explicit interaction between the two boundary theories. The bulk prediction (|65|) is 
not consistent with our proposed description of the self-dual orbifold in terms of two 
independent, but entangled, boundary theories. 

Indeed, it is very hard to see how the CFT description could be modified to 
produce such interactions. From the quotient perspective, we would expect local op- 
erators on the two strips to be simply independent once we delete the fixed points. 
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From the near-horizon point of view it is even harder to see how some interactions 
could arise from taking the DLCQ limit; the two CFTs should still simply be entan- 
gled. Specifically, in a black hole coordinate system, the portions of the boundaries 
that are captured are not in causal contact. So when we take this near- horizon limit, 
the commutator between fields on the two boundaries vanish in the region we are 
covering. 

A possible resolution of our problem would be an obstruction to the extension of 
the CFT to the full boundary of the self-dual orbifold spacetime. However, there is a 
barrier to finding such an obstruction. The bulk spacetime has an SL(2,M.) x U(l) 
isometry which acts transitively, mapping any point in the spacetime to any other 
point. Any obstruction to extending the geometry from the region covered by the 
black hole coordinates to the full spacetime must break this symmetry. The entangled 
state that we constructed preserves the spacetime isometries, as we would expect. We 
therefore expect the CFT in this state to live naturally on the conformal boundary 
of the full global self-dual orbifold spacetime, by the analogue of the argument of [28] 
in the higher-dimensional case. Finite SL(2,M) x U(l) actions can map a point on 
one boundary to any other point on that boundary in the full spacetime. 

Another resolution would be a restriction on the types of correlation functions we 
can consider. The isometries can map a point on one boundary to any other point 
on that boundary, but will only map a pair of spacelike separated points to spacelike 
separated points. From the near-horizon point of view, we obtain correlation functions 
or commutators of operators on the two boundaries at spacelike separated points as 
a limit of the same observables in the theory on the boundary of the BTZ black hole. 
If we restrict to considering just such observables, there will be no conflict with our 
entanglement description even when we consider the full self-dual orbifold spacetime. 

Such a restriction may be necessary because of the instability of AdS2 spacetimes 
observed in [llj. If we consider the back-reaction from adding some energy to the 
spacetime at one boundary, the spacetime will fail to be asymptotically AdS2 to 
the future of the point where the energy is inserted. So we will not be able to 
impose asymptotically AdS2 boundary conditions on the part of the other boundary 
causally connected to the point where the energy is inserted. This suggests that 
we cannot consider correlation functions like (165|) . so the fact that a linearised bulk 
analysis predicts a value for this correlation function which is inconsistent with our 
entanglement description does not lead to actual inconsistencies in the full theory. 
This possibility thus seems plausible, but it would be valuable to understand the 
restrictions on which correlation functions we can consider in detail. It would be 
particularly useful to understand this from the CFT point of view. 

An alternative resolution is that there might not be any propagating states in 
the AdS 2 spacetime. The authors of [7J argued for such a picture by noting that 
the DLCQ field theory dual to AdS 2 does not have physical states charged under 
this 5L(2,R) group, so there should be no bulk states charged under the SL(2,"R) 
isometries of the spacetime. In the absence of such propagating degrees of freedom, 
there can be no causal physical interaction between the two AdS 2 boundaries, again 
suggesting that the two boundary CFTs are non-interacting. From the CFT point 
of view, this would correspond to a claim that local operators like 0\ do not create 
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well-defined states in the chiral CFT dual to the self-dual orbifold. 

4 Asymptotically Self-dual orbifold spacetimes 

We want to identify the self-dual orbifold geometry with a particular entangled state 
in a chiral CFT. The CFT should presumably have other states, and it is important 
to try to construct other geometries dual to these states. In this section, we discuss 
such constructions. We first discuss the boundary conditions defining what we mean 
by asymptotically self-dual orbifold. We then note that we can obtain another quo- 
tient geometry with a single boundary, which can be interpreted as the dual of the 
ground state of a single copy of the CFT. We then consider more general geometries 
constructed from the self-dual orbifold, first attempting a perturbative approach and 
then applying Garfinkle-Vachaspati solution-generating transformations. The more 
general solutions we construct have singularities in the bulk. 

4.1 Boundary conditions 

Before looking for solutions, we must first specify the asymptotic boundary conditions 
we want to impose. We consider boundary conditions on a single conformal boundary, 
defining states in a single copy of the CFT. If we wanted to consider spacetimes dual 
to two copies of the CFT, they should have two conformal boundaries and satisfy 
these boundary conditions on each of them. 

Since the spacetime is locally AdS3, we can impose the standard Brown-Henneaux 
boundary conditions • These boundary conditions are 

g uv ~e 2r + 0(l), g uu ,g V v~0{l), g ru ,g rv ~ 0{e~ 2r ), g rr ~ 1 + 0(e" 2r ). (66) 

The leading term gives us the null cylinder metric on the conformal boundary if we 
assume the coordinate u is periodically identified as in the self-dual orbifold solution. 
The subleading terms will then be interpreted as determining the stress tensor of 
the dual field theory. The subleading part of g uv , which gives the trace of the stress 
tensor, vanishes when we satisfy the bulk equations of motion, so on-shell solutions 
actually have g uv ~ e 2r + (D(e~ 2r ). 

However, in |7j, a more restrictive boundary condition for asymptotically self- 
dual orbifold spacetimes was proposed, requiring the 0(1) part of g vv to vanish as 
well. This corresponds in the field theory to saying that the stress tensor component 
T vv = 0. This was motivated by the chiral nature of the dual CFT. As reviewed 
in section [2l taking the near-horizon limit corresponds to a DLCQ limit in the field 
theory, which sets the right-movers to their vacuum state. If we interpret this as 
saying that the limiting theory dual to the self-dual orbifold has no right-moving 
excitations, it would be inconsistent to have a non-zero right-moving stress tensor. It 
is therefore appropriate to require that T vv = as part of the boundary conditions. 
We therefore propose that the dual description of a chiral CFT on the boundary is 
spacetimes with the boundary condition 

g uv ~e 2r + 0(l), g uu ~(D(l), g ru , g rv , g vv ~ 0(e~ 2r ), g„ ~ 1 + 0(e~ 2r ). (67) 
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Imposing the standard Brown- Henneaux boundary conditions would correspond 
to considering a non-chiral CFT on the null cylinder, where we retain some right- 
moving excitations. This is not the theory obtained in the strict near-horizon limit, 
but it remains interesting to consider it. It may be useful to consider situations 
where we do not take the strict near-horizon limit, and use the self-dual orbifold 
as an approximation to a region of the BTZ black hole spacetime [30] EE]- Since 
there are still some right-moving excitations, it may be that the Brown-Henneaux 
boundary conditions are then the appropriate ones to use to model the matching of 
the near- horizon region to the rest of the spacetime in this case. 

The choice of boundary conditions determines the asymptotic symmetries of the 
spacetime. For the standard Brown-Henneaux boundary conditions, the analysis of 
[29] tells us that the asymptotic symmetries are diffeomorphisms depending on two 
arbitrary functions £~{v). The vector field generating the diffeomorphism is 



Since u is a compact coordinate, is a periodic function, and can be expanded 

in terms of modes which satisfy a Virasoro algebra. This includes the left-moving 
£7(1) symmetry of the self-dual orbifold given by d u . However, as v is non-compact, 
£~(v) is not periodic, and the right-moving symmetry here is not simply a Virasoro 
algebra. Its interpretation from the CFT point of view is somewhat unclear. 

For the boundary conditions (j6"7|) . the asymptotic isometries are restricted. As 
shown in [7], only the diffeomorphisms with £,~(v) = A + Bv + Cv 2 survive. These 
correspond to the SL(2,M) Killing vectors fliHj) . Thus, for the boundary conditions 
(I67p . the asymptotic isometries are SL(2,M)x Virasoro, where the Virasoro contains 
the left-moving U(l) symmetry. 

Note that the diffeomorphisms which transform between the u,v,r coordinates we 
are using and the orbifold global coordinates t, <p, z or black hole coordinates t, 0, f 
do not satisfy the boundary condition (167]) . Rather the boundary conditions are also 
transformed by these diffeomorphisms and must be expressed in the new coordinate 
frame. From the boundary point of view, the coordinate transformations to global 
and black hole corrdinates corresponded to conformal rescalings of the v coordinate. 
But with the boundary conditions floTj) . the CFT only has a conformal symmetry 
acting on the u coordinate. The conformal transformations of the v coordinate are 
a part of the symmetries in which is not in the SL(2,M) subgroup we retain. 

Thus, while we are free to make such conformal transformations, the theory will 
not be invariant under the change of variables. In view of this, when we look for 
asymptotically self-dual orbifold solutions satisfying the boundary conditions (1ST]) , 
we will study them in the analogue of the (u, v, r) coordinates only. 



C = 2t{u) + l - e ^dlC{v) + 0(e- ir ), 

r = 2fW + ^ + («) + 0(e- 4r ), 
C = -d u e(u)-d v C(v) + 0(e- 2r ). 



(68) 



(69) 
(70) 



20 



4.2 Ground state of a chiral CFT and the null orbifold 



In [32], a general classification of causally well-behaved quotients of A0IS3 was given. 
There was one other quotient which had the same type of boundary metric as the 
self-dual orbifold, namely the quotient by 

f = (V - Y)(du + d X ) -{U- X){dy + dy), (71) 

where U, V, X, Y are the coordinates on the R 2 ' 2 embedding space. This Killing vector 
has 1 1£| | 2 = 0, but the Killing vector never vanishes, so the quotient has no fixed points 
in the spacetime. However, when we consider the action just on AdS3, the resulting 
quotient space will contain closed null curves. This Killing vector lies in one of the 
two SX(2,R) factors in the SL(2, R) x 5L(2,R) isometry group, so the quotient has 
an SL(2, R) x £7(1) isometry, as for the self-dual orbifold. A coordinate system which 
covers the whole spacetime is [32J 

U + X = e~ p smv + 2ue p cosv, (72) 

U - X = e p smv, (73) 

V + Y = e~ p cosv - 2ue p sin v, (74) 

V -Y = e p cosv. (75) 

In these coordinates, £ = d u and the metric takes the form 

ds 2 = -dv 2 + dp 2 - 2e 2p dudv. (76) 

The quotient in these coordinates is an identification u ~ u + 2tt. Since the quotient 
has no fixed points, the resulting quotient spacetime is smooth. The spacetime has 
a single boundary at p — > 00. The metric on this boundary is a null cylinder, as in 
the self-dual orbifold. In terms of the global coordinates on the boundary of AdS3, 
the quotient has a single line of fixed points at r + 9 = ir. The supersymmetry of 
this solution was analysed in [33], where it was shown that taking this quotient of 
AdS preserves 3/4 of the SUSY, including 1/2 of the left-moving SUSY. Note that 
although the geometry has an SX(2, R) x U(l) isometry, it does not have an AdS2 
factor. 

This quotient can also be viewed as an identification along a null direction in 
Poincare coordinates. That is, if we introduce the standard Poincare coordinates 
x + ,x~ , Z on AdS3, in terms of which the metric is 

, 9 — 2dx + dx~ + dZ 2 , , 

ds 2 = — 2 , (77) 

then £ = d x + . This Poincare coordinate system only covers a region of the spacetime, 
but it has the advantage that the spacetime written in these coordinates satisfies 
the more restrictive boundary conditions of section 14.11 This solution and the self- 
dual orbifold are the only locally AdS 3 spacetimes whose boundary metrics are null 
cylinders. 
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This geometry can also be obtained by taking the near-horizon limit of the M = 
BTZ black hole: if we start with the Poincare coordinates (I77p . the M = BTZ 
black hole is obtained by making the identifications (x + ,x~) ~ (x + + 2tc,x~ — 2tt). 
We take the near- horizon limit by defining x + = x + , x~ = e~ 2po x~, Z = e Po Z, and 
take po — oo for fixed x + ,x~,Z. This gives a metric of the same form, but with 
x + ~ x + + 2tt, giving the null quotient (ITT]). 

Since the geometry has a single boundary, we would interpret this spacetime as 
the dual description of a single copy of the CFT living on the null cylinder in some 
pure state. We can identify the appropriate state by proceeding as in the self-dual 
orbifold, taking the SL(2,M.) x SX(2,R) invariant vacuum state on the boundary of 
AdS3 and considering the quotient action on it. The appropriate coordinate system in 
this case is just the Poincare coordinates ( jTTJ) . We know that the state dual to AdS3 
in Poincare coordinates is a ground state for both the left- and right-moving modes, 
so we propose that the dual of this quotient spacetime is the same ground state with 
the momentum for left-moving excitations quantised, breaking the symmetry of the 
state to SL(2,M) x U(l). This is consistent with obtaining the quotient as the near- 
horizon limit of the M = BTZ black hole; as the black hole mass goes to zero, the 
temperature for both left- and right-moving modes vanishes. Thus, the dual CFT 
interpretation of (IT6]) is as a saddle-point for a single copy of the CFT on the null 
cylinder in a ground state. (See the related discussion in [T5].) 

The main problem with this discussion is that the spacetime contains closed null 
curves (CNCs), so one might not expect the spacetime (jTBjl to be a good description 
of the boundary field theory state. In particular, winding string modes wrapping 
this compact direction will be light and could produce important corrections to the 
geometry. The unbroken supersymmetry in this spacetime may protect the geometry 
from such corrections, however. This problem is highly reminiscent of the Schrodinger 
spacetimes [HUE], which similarly contain closed null curves (as remarked in [IB])- 
The self-dual orbifold would then be thought of as analogous to the finite-temperature 
versions of Schrodinger spacetimes [IB] EU E5] , in that the circle becomes spacelike 
everywhere in the bulk. The situation is slightly actually slightly better than in 
the Schrodinger case, as the circle becomes constant size in the bulk, whereas it was 
asymptotically null in the finite-temperature Schrodinger spacetimes. It is interesting 
that while the metric f !76p has CNCs, adding a tiny temperature on the left or right 
moving side of the dual field theory seems to regulate the CNCs. A purely left or right- 
moving temperature corresponds to extremal rotation in the BTZ black hole whose 
near-horizon limit we are examining. This is reminiscent of the "desingularization by 
rotation" in [3E1E7J. 

In [32], the problem with the causal structure of (ITS]) was formally resolved by 
combining the quotient action on AdS3 with an action on the S 3 to obtain an action 
which was everywhere spacelike. This removes the closed null curves, but the resulting 
spacetime is not stably causal, as a Z identification on a compact space like S 3 will 
identify pairs of points which are arbitrarily close together. As a result, even if we 
include such an action on the S* 3 , we still need to worry about light states associated 
with strings winding around the circle: there will be winding sectors where these 
strings are arbitrarily light. 
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Nonetheless, as in the Schrodinger case, this quotient spacetime provides an in- 
teresting simple example of the dual of a pure state, and it is worth considering as 
at least a formal dual of the ground state. The quotients with actions on the sphere 
are also interesting, as they should correspond to ensembles where in addition to the 
temperature we are turning on a chemical potential for some i?-charge. 

4.3 Perturbative excitations 

From the CFT point of view, we would expect to be able to consider arbitrary states 
for the left-movers. These might not all have a geometrical interpretation, but small 
excitations around the state corresponding to the self-dual orbifold might be expected 
to correspond to perturbations around the self-dual orbifold geometry. We are most 
interested in understanding chiral excitations, which will satisfy the boundary con- 
ditions of [7j, and account for the entropy of the original black hole. In this section, 
we consider such chiral excitations on the full extremal BTZ black hole geometry. 
We find that surprisingly, excitations which keep the right-movers in their ground 
states cannot be consistently described by small perturbations around the black hole 
spacetime J§ 

We consider linearised fields on the extremal BTZ black hole background. We will 
start by considering scalar fields. We consider a scalar field $ of mass /i 2 , and write 
the field in Fourier modes as 

$ = e iu * im *f bm tr), (78) 

where we are working in the BTZ black hole coordinates defined in (|32|) . For the 
extremal BTZ black hole, r + = r_, chiral excitations from the CFT point of view 
correspond to considering co-rotating modes with u = —m in the bulk spacetime. 

It turns out that precisely these modes are not regular on the horizon. The field 
equation is □$ - /i 2 $ = 0, and on the BTZ black hole ([32}, if $ = e ^* +im */(r), 

□$ = V - (r 2 - r\ - r 2 )m 2 + 2r + r^tum]e iujt+irn * f(r) + e iujt+im ^-d r (rhd r f(r)), 
r 2 h ' r 

(79) 

where h(r) = (r 2 — r^)(r 2 — r_) 2 /r 2 . Hence, if r + = r_, and u = —in, the first term 
disappears and □$ = e wt+vm ^^d r {rhd r f{r)). The solution of the radial equation 
which satisfies the boundary conditions at infinity in this case is then just 

/.=- m (r) = c m (r 2 -r 2 )-^ 2 , (80) 

where h + = \{l + + fi 2 )). The surprising feature of this solution is that it blows 
up as we approach the black hole horizon at r — > r+. This indicates that if we want 
to consider chiral modes on the BTZ boundary, this perturbative analysis will break 
down. 

6 Since the self-dual orbifold is a near-horizon limit of BTZ, this immediately implies that such 
chiral excitations also cannot be described perturbatively on the self-dual orbifold. 
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In fact, this failure is analogous to the "no-hair" theorem for the non-rotating 
black hole, which says that there is no regular solution for the scalar field with u = 0. 
The connection can be seen more clearly by considering the general BTZ black hole, 
with r + 7^ r_. Then if we define u c = u + ^m, 

2 2 

2 2 / 2 2 2\2,o 22o r ^/2 2\ T +~ T -f 2 2\ 2 

ru — (r —r + —r_)m + 2r + r_ujm = r uj c — 2 — (r —r + )oo c m ^ l r —r + )m. 

r + ' r + 

(81) 

So if u c = 0, this factor vanishes on the horizon. The radial equation can be rewritten 
in terms of an effective potential by introducing a tortoise coordinate r* such that 
dr* = h~ 1 dr; then writing f(r) = r -1 / 2, ?/>(r), the radial equation becomes 

d 2 ^ + u 2 c i) - h{r)v eff {r)ip = 0, (82) 

where v e ff(r) > for all r. Because of the overall h(r) factor, the effective potential 
contribution vanishes near the horizon, so for u c ^ 0, the solutions near the horizon 
will look like e ±MJcr *, giving the usual ingoing and outgoing modes on the horizon. 
But if u c = 0, the solutions will grow or decay near the horizon, as v e ff(r) > 0. The 
solution which is regular at infinity will (at least generically) include a growing part 
near the horizon. 

For r_ = 0, this is the usual argument that there are no static scalar hairs on the 
black hole. A similar interpretation in our case would be that the black hole cannot 
support a chiral perturbation of the scalar field. 

This calculation can trivially be extended to the vector case by observing that 
since we are in 2 + 1 dimensions, a vector field is dual to a scalar. Thus, if we want a 
solution for a Maxwell field with field strength given by F, we can find it by writing 
F = for a scalar $ satisfying the massless wave equation. The scalar solution of 
(180|) gives a field strength which blows up on the horizon. 

4.4 Non-thermal states of chiral CFT and traveling wave so- 
lutions 

Having failed to construct more general geometries perturbatively, we will now con- 
sider applying a solution-generating transformation to obtain new solutions of the 
full equations of motion. Both the extremal BTZ black hole and the self-dual orb- 
ifold have a null Killing vector field, given by d v in the (u, v, r) coordinates. We can 
therefore apply the Garfinkle-Vachaspati solution generating transformation [TS] to 
add a travelling wave, as was done for asymptotically flat black string solutions in 
[38] . The null Killing vector is k = d v , so with the index lowered k = e 2r du. This 
satisfies V^Avj = k^V ' U ]S with S = — 2r. The Garfinkle-Vachaspati technique tells us 
that we can generate a new solution g^ u by choosing a function \l> satisfying d v ^/ = 
and V 2 \l/ = 0, and defining 

9,* = 9p, + e s ^k^k v . (83) 

That is, 

ds 2 = (1 + e 2r ^)du 2 + 2e 2r dudv + dr 2 . (84) 
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This spacetime will be asymptotically AdS 3 or asymptotically self-dual orbifold de- 
pending on whether we make the spacelike direction u + v or the null direction u 
compact. 

If we consider just the three-dimensional spacetime, then V 2 \l/ = e~ 2r d r (e 2r d r ^) , 
and \& = fo(u) + f\{u)e~ 2r . To preserve the asymptotics of the spacetime, we should 
set fo(u) = 0; the solution is then 



However, this transformation is trivial; the Garfinkle-Vachaspati transformation in 
general adds a gravitational wave to the previous solution, but in three dimensions, 
there is no gravitational radiation. That is, any solution of the vacuum equations of 
motion in 2 + 1 dimensions is locally AdS3. Thus, this solution is just a locally AdS3 
spacetime written in an unfamiliar coordinate systemQ 

To obtain something non-trivial we need to introduce some additional directions 
and allow ^ to depend them. Consider for example taking the product of our geom- 
etry with an S 3 , as in the simplest embeddings in string theory, and allowing \& to 
depend on the coordinates on the S 3 factor in the geometry. For simplicity, assume \I> 
is in a particular spherical harmonic on the sphere, so ^ = Yi m (8,<f),ifj)g(r,u). Then 



with solutions g(r,u) = fo(u)e lr + fi{u)e^^ l+2 ^ r . As previously, take fo(u) = to pre- 
serve the boundary conditions, and for each spherical harmonic we have one functions 
worth of solutions. For example, if we take the harmonic with / = 2, m = 0, we have 
a solution 



ds 2 = (1 + fi(u) cos26e- 2r )du 2 + 2e 2r dudv + dr 2 + d6 2 + sin 2 6d<j) 2 + cos 2 Od^ 2 . (87) 



This solution has a non-vanishing Weyl tensor, indicating the presence of a gravita- 
tional wave, and showing explicitly that this is a non-trivial example of an asymptoti- 
cally self-dual orbifold spacetime. As in [38], these geometries are singular: they have 
diverging Riemann tensor components on the would-be horizon at r — > — oo, although 
the curvature invariants are finite. Thus they have no extension to global coordinates 
and only satisfy the self-dual orbifold boundary conditions on one boundary, in the 
region corresponding to the (u, v, r) coordinates. The deformed spacetime breaks the 
SL(2, M.) symmetry, and does not have an AdS2 factor, although if we made a dimen- 
sional reduction to two dimensions, the geometry would be asymptotically AdS2 in 
Poincare coordinates. 

It is very satisfying that we finally have some examples of asymptotically self-dual 
orbifold spacetimes, even if they have mild singularities in the bulk. It would be 
interesting to understand their dual description. We expect them to correspond to 
more general states for the left-movers, where the operators dual to excitations on 

7 Note that the situation here is different from the full asymptotically flat solution considered in 
[38] . where adding the I = mode produces a physically different solution. This implies that these 
different solutions all have the same near-horizon BTZ region. 



ds 
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the sphere have non-zero expectation values, and a ground state for the right-movers. 
However, the travelling wave breaks the symmetry corresponding to L_i in SL(2, R). 
We think of this symmetry as acting on the right-movers, so these geometries do not 
correspond to not precisely the same right-moving ground state as in the self-dual 
orbifold. (Since the geometry is still invariant under Lq and L\, it still corresponds 
to a ground state. This is also clear from the fact that it satisfies the boundary 
conditions of |7J.) It's surprising that the Garfinkle-Vachaspati transformation breaks 
this symmetry; we would naively have thought of it as acting just on the left-movers. 
It would be interesting to understand this in more detail. 



4.4.1 Other AdS 2 cases 

This solution-generating transformation provides a useful way to generate new solu- 
tions. It is therefore interesting to ask if it is special to the self-dual orbifold, or can 
be applied in other contexts where the geometry has an AdS 2 factor. The NHEK 
geometry does not have a null Killing vector, so it cannot be applied in that case (the 
analogue of the Killing vector considered here would be d t , which is not everywhere 
null because of the fibration over 9). Thus, there are no such solutions in NHEK, as 
we might have expected given the results of [131 EH] • 

In the context of Reissner-Nordstrom AdS black holes, the near-horizon geometry 
in for example AdS4 is 

I 2 

ds 2 = -\(-dt 2 + dp 2 ) + dx 2 , (88) 
P 

where fa = l/VQ, with a vector field A = -j^-dt. Clearly there is no null Killing 



vector here, but one might hope to find one in the uplift to the full string or M theory 
geometry. In the self-dual orbifold case, the v direction is timelike in the AdS 2 factor, 
but becomes null when we uplift it to the three-dimensional geometry. 

Consider for definiteness the uplift to eleven dimensions given in [39J. If we work 
in units where the S 7 has unit radius, I = 1/2, gp = 1/2, and the eleven-dimensional 
metric is 

ds 2 n = ds\ + ds 2 cp3 + {r] + A) 2 , (89) 

where rj is the one-form dual to the Reeb vector in the writing of S 7 as a Hopf fibration 
over CP 3 . Hence in eleven dimensions there is a partial cancellation between the two 
factors as in the self-dual orbifold case, but 



I 2 a 2 I 

^ = -4 + TTT = -^' ( 9 °) 
p A Yip 1 48p z 



so the Killing vector d t remains timelike, and we can't apply the Garfinkle-Vachaspati 
transformation to this solution. The situation for Reissner-Nordstrom AdSs black 
holes is the same; it seems to be only when we are uplifting from AdS 2 to a three- 
dimensional solution that the factors work out so that we get a null isometry in the 
higher- dimensional geometry. 

This suggests that there is something a little special about the AdS 2 from the dual 
CFT point of view in the self-dual orbifold case; the null structure that is responsible 
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for the chiral CFT interpretation here isn't obviously present in higher-dimensional 

cases. 

5 Discussion 

We have studied the description of the self-dual orbifold from the point of view of the 
dual CFT, and constructed examples of asymptotically self-dual orbifold spacetimes, 
which should be dual to other states of the CFT. We have proposed that the full 
spacetime can be described as an entangled state in two copies of the CFT, living 
on the two boundaries. This description appears to have problems with the causal 
connection between the two boundaries, which would lead to predictions for bulk 
correlation functions which cannot be reproduced by considering an entangled state. 
However, the special nature of AdS 2 suggests that there will be restrictions on the 
correlation functions which can be consistently considered. Acting with an operator 
in the field theory to throw in some energy from the boundary will cause a back- 
reaction which violates the boundary conditions on the boundary after the operator 
insertion. We have suggested that the problematic correlations involving timelike 
separated operators on the two boundaries may simply not be legitimate observables. 
This issue needs further exploration. 

We discussed the asymptotic boundary conditions for the spacetime. Following 
[7], we argued that considering a chiral CFT on the boundary is associated with a 
boundary condition that is more restrictive that the ones imposed by Brown and 
Henneaux. We constructed examples of asymptotically self-dual orbifold spacetimes 
satisfying this boundary condition. This is interesting as it can be challenging to 
construct asymptotically AdS 2 spacetimes; in the Kerr-CFT context it was shown 
in [131 E] that the only spacetimes satisfying the relevant boundary condition are 
diffeomorphic to the background. Note however that the solutions we construct are 
singular in the bulk. Other examples of asymptotically AdS 2 spacetimes which are 
regular were recently obtained in higher-dimensional contexts in jlQ] by considering 
RG flows from one AdS 2 to another. We also identified a geometry corresponding to 
the ground state of the chiral CFT which is dual at finite temperature to the self- 
dual orbifold. This new geometry is obtained as a near-horizon limit of the M = 
BTZ black hole, just as the self-dual orbifold is the near-horizon limit of the M > 
extremal BTZ black holes. 

In the simplest embedding in string theory, we would consider the self-dual orbifold 
geometry xS 3 x T 4 . As discussed in [32], in this context we can generalise the quo- 
tients considered here by adding an action on the S 3 . This corresponds to introducing 
a chemical potential for an i?-charge. For the orbifold of section I4.2[ corresponding 
to the CFT in a ground state for both the left- and right-moving excitations, it is 
meaningful to introduce such a chemical potential because we are considering the 
theory in a Ramond sector, so there is a degenerate set of ground states, which carry 
different R- charge. 

We have assumed throughout this work that we were considering the field theory 
in the Ramond sector, so there is some unbroken supersymmetry in the solution. 
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Since the circle is of finite size everywhere in the spacetime, we can change our choice 
of spin structure, which corresponds to considering the field theory in the Neveu- 
Schwarz sector. If the compact circle in the interior is smaller than the string scale, 
this solution will then have a tachyon. Since this circle has the same size everywhere, 
we would expect the condensation of this tachyon to destroy the whole spacetime. 
This tachyon condensation process for the full extreme BTZ geometry was considered 
in mj. 
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